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Chwong I: GOC LUQNG GIAC VA CONG THUC LUQNG GIAC
Muc tiéu
Sau khi nghién curu xong chuwong nay, hoc sinh co thé:
- Biét dwoc nhitng cong thire bién doi lwong gidc, phwong trinh lwong gidc co ban.
- Hiéu dugc cong thirc tinh sin, cos, tan, cot cua tong hiéu hai goc, cac cong thirc bién doi
tich thanh tong va tong thanh tich, dinh nghia ham so sin, cos tir do hinh thanh ham so tan va
cot. Hieu dwoc tinh tuan hoan va chu ky cua ham so luong giac. Hiéu duoc cach giai nhitng
phuong trinh luwong giac co ban.
- Trinh bay dwoc cdc cong thire bién doi lwong gidc tich thanh tong, tong thanh tich ciing nhuw
cdc cong thire lwong giac da hoc truoc do deé van dung giai nhitng bai tdp co ban nhat.
- Mé ta dwoc tinh tuan hoan, chu ky ciia cdc ham sé6 co ban sin, cos, tan, cot.
- Ap dung dwoc cdc cong thire dd hoc dé gidi cac bai toan nhu tinh gid tri lwong gidc cua mot
goc, rut gon biéu thirc lwong gidc, chimg minh mét sé dang thirc don gian, tim tdp xdc dinh
ciia mgt s6 ham luong gidc don gian, dya vao do thi ciia cdc ham s6 lwong gidc dé gidi quyét
mét s6 bai todn, bién doi don gian cdc phwong trinh lwong gide dé dwa ching vé dang co ban.
- Phan tich dwoc yéu cau ciia dé bai, dya vao gia thiét di cho va nhitng céng thire dd hoc dé
gidi nhitng bai tdp kho hon, can bién doi nhiéu hon, nhitng bai tdp chirng minh.

Nhic lai mot s6 cong thirc co ban da hoc:
1. Cong thire lwgng giac co ban
#sin” oL+cos” o =1

*1+tan’ o =

., (a#—=+kmkeZ)
cos” o 2

*1+cot’ o=

——, (azkmkeZ)
sin” o

*cma=t1 ,(a¢kger)
an o

2. Gia tri lwgng giic cia cic goc (cung) co lién quan dic biét
2.1. Hai géc doi nhau

¥

sin(—at) = —sina N

cos(—a) = cosa

tan(—a) = —tano n A
cot(—a) = —cota
2.2. Hai goc hon kém nhau =
—\M

sin(m + o) = — sina

cos(m + o) = — cosal ?
N

tan(m + o) = tana
cot(m + o) = cota
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2.3. Hai géc bu nhau

sin(1t — o) = sina

cos(m — o) = —cosa
tan(n — a) = —tano
cot(m — o) = —cota

N

2.4. Hai goc phu nhau

. T
sm(; — Q) = cosa

V4 .
cos(z — o) =sina

AN A

N

V4
tan( 3 o) = cotal

V4
cot( 3 o) = tano
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Bai 01: CONG THU'C LUQNG GIAC (6 LT)
1. Cong thirc cong
1.1. Cong thirc cong doi véi sin va cosin

cos(atb)=cosa.cosb sina.sinb

sin(a = b) =sina.cosb * sinb.cosa

Vi du 1: Tinh cos15°= cos(45°— 30%) = cos45°.cos30° + sin45°.sin30°

BB 1 e

:_._+ — =

272 22 4
1.2. Cong thirc cong doi véi tan

tanattanb

tan(a+b) =
( ) 1 tanatanb

1

T

tan—+tan—  1+—=

Vidu 2: tans—n=tan(E+E)= 4 6 _ \/§ =2+3
12 4.6 l—tan%.tan%

-1
V3

2. Cong thirc nhan doi

cos20= cos’o—sin’ o
sin 2oL = 2sin o..cosa
2tana

tan2o= —
I—tan“o

Chi y: a) cos2a. = cos o — sin’a. = 2cos’ o — 1 = 1 — 2sin’al
1+cos2a 2 1—-cos2a

b) coszazT, sin =" (ha bac)

Vi du 3: Cho cosa =1—32, 90°< a < 180°. Tinh cos2a., sin2a..

Giai
Ta co:
2
* cos20 = 2cos’aL — 1 =2 -2 _1=£;
13 169
2
* sin22a=l—c0322a=l—[£J =ﬂ.
169) 169
Vi90°< o < 180" nén 180° < 20 < 360° = sin2o. < 0. Vay: sindo = 2.

Bién soan: T6 Toan - Khoa Khoa co’ ban 7



Giao trinh Toan 3 Truomg Cao Piang Ly Ty Trong TP. H6 Chi Minh

3. Cong thirc bién ddi tich thanh tong va bién tong thanh tich
3.1. Cong thirc bien doi tich thanh tong

1
cosa.cosb = 5 [cos (atb)+cos(a— b)]

) ) 1
sina.sinb = —E[cos(aﬂLb)—cos(a —b)]

sina.cosb = %[sin (atb) +sin(a- b)]

Vi du 4: Tinh sin > .sin -~
24
Giai
Ta co:

.5t . 0m 1 Stom St wm 1 T T 1
~— sin—= ——| cos| —+— |-cos| ——— ||=—=| cos——cos— | =—(+/3 -2
MYy, 2{ (24 24) (24 24)} 2(0084 0086) 4(\/— V2)

3.2. Cong thirc bién déi tong thanh tich

+ —
cosa + cosb = 2cos atb .COS a-b
2 2
—|— —
cosa — cosb = —2sin ath .sin a—b
2 2
+ _
sina+sinb = 2sin ath .COS a-b
2 2
+ —
sina—sinb:2cosa b.sina 5 b

Vi du 5: Rat gon

A sin X +sin 2x +sin 3x

COS X +C0S2X +cos 3x
Giai

A sin X +sin 3x +sin 2x

COS X +C0S3X +cos2x
25sin 2X.cos X +sin 2x

2C082X.COS X + COS 2X

_ sin2x(2cosx+1) fan 2x

cos2x(2cosx +1)
4. Bai tap ap dung
Bai 1: Tinh sin 75°
Giai
sin75°= sin(45°+30°)
= $in45°.c0s30° + sin30 .cos45°

BB 1 o

= — 4+ I

272 272 4
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Bai 2: Cho sinoc=% , %< o < 7. Tinh cosa, cos2a, sin2a.

Giai
3 2
* cos’a = 1 — sin’a = 1—(5)

_l6
25

T N 4
Vi 5<oc<nnencosoc<0 = Coso. = —g

* cos20 = 2cos’a — 1 = 2,E_1 :l
25 25

* sin2o0 = 2SIn0L..cosoL = 2.E 4 = 24
50 5 25

Bai 3: Chirng minh rang: cos’x + sin‘x = %(l —cos’ 2x)

Ta co:

Bai 4: Rut gon biéu thirc: A =

Bai 1:

Bai 2:

Bai 3:

Bai 4:

Bai 5:

Giai

. . 2 .
cos*x +sin* x = (coszx +sin® x) —2sin’ x.cos’x

sin2x jz

=1-2(sinx.cos x)2 :1—2(

=1—%(1—00522x):%(1—00522);) )

cosa+cos3a+cosSa

sina +sin3a+sin5a
Giai
Ao cosa+cos3a+cosSa _ (cosa+cos5a)+cos3a
sina+sin3a+sin5a  (sina+sin5a)+sin3a

_ 2cos3a.cos2a+cos3a cosSa(Zcos2a+1) _ cot3a

~ 2sin3a.cos2a+sin3a  sin 3a(2cos2a+1)

BAI TAP

Tinh gia tri lugng giac cua g(’)cf—;,%

Cho cosa = —% ; m<a< 3775 Tinh sin2a., cos2a., sinda., cos4al.
12 ,. = T , .
Cho cos2a = 13 Vol —<a< o Tinh cosa., sina

Biét sina =§,oc € (g,nj. Tinh gia tri lugng gidc ciia goc 2o va goc%.

Chtng minh:

a/ cos75°.cosl5’ =sin75°.sin15° = b/ cos75°.sinl5° = #

=
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2+3 1ln 5S¢ 1( _\/5)

d/ sin— cos—=—(2
4 12 12 4

Bai 6: Chirng minh rdi diing méy tinh kiém nghiém lai gan dung két qua

3

a/ c0s10°.c0s50°.cos70° = sin20°.sin40°.sin&0° = —

¢/ sin75°.cosl5° =

8
b/ sin10°.sin50°.sin70° = c0s20°.c0s40°.cos80° = %
Bai 7: Rut gon céc biéu thirc sau
A_cosa—cosSa ) B sin3x +2sin 5x +sin 7x
sin5a—sina c0s3xX + 2 ¢0s 5X + cos 7x

Bai 8: Chung minh céc biéu thirc sau khong phu thudc x:
E = cos’(a + X) + cos’x — 2c0sa.cosx.cos(a + X)
F = sin4x.sin10x — sin1 1x.sin3x — sin7x.sinx

Bai 9: Chirng minh rang:
a/ sin3a = 3sina — 4sin’a ; b/ cos3a = 4cos’a — 3cosa

. . (T N 1 . T T 1
c/sina.sin| ——a |.sin| —+a |=—sin3a; d/cosa.cos| ——a |.cos| ——a |=—cos3a
3 3 4 3 3 4
Ap dung tinh: sin20°.sin40°.sin80° va tan20°.tan40°.tan80°

Bai 10: Chung minh rang:

al/ cosE.cos3—ncos5—TE = —l b/sin 6°.sin 42°.sin 66°.sin 78° = i
7 8 16
2n 4n 67 1 T 5w r
c/cosS—+coS— +CcoS— =—— d/cos—+cos—+cos—=0
2 9 9 9
Bai 11: Chting minh:
a/sina+cosa:x/§sin(a+§) b/sina—cosa:x/isin(a—g)
1- 1
c/tan(z—a)z tana d/tan(E+a): *tana
4 1+tang 4 l—tana
Bai 12: Chiing minh céac biéu thuc sau khong phu thude x:
X — in’ i . . 1
A =SS XTCOS 3X s X,+ sin 3x : B =sin” x.cos” x(sin® x +cos” x) + = cos* 2x
COSX Sin X 8
Bai 13: Chiing minh rang:
a/cos’®x +sin’ x = %cos4x+§ b/8cos’ x —8cos” x +1=cos4x
c/cotx —tan x — 2 tan 2x — 4 tan 4x = 8 cot 8x d/tan’*x +cot’ x _ 6+2c0s4x
1—cos4x
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Bai 14: Cho A ABC ¢c6 A, B, C 1a 3 goc trong. Chirng minh rang:
a/sin2A +sin 2B +sin 2C =4sin A.sin B.sinC

b/cosA+cosB+cosC =1+4sin%.sing.sin%

c/sinA+sinB+sinC =4cos%.cos§.cos%

d/cos2A +cos 2B‘+ c0s2C+1=—-4cosA.cosB.cosC
Bai 15: Chung minh rang:

a/ Néu A ABC ¢6 3 gbéc A, B, C thoa man sinA = cosB + cosC thi tam giac ABC
vuong.

b/ Néu A ABC c6 3 gbéc A, B, C thod man sinA = 2sinB.cosC thi tam giac ABC
can.

Bai 16: Cho sina =§ g< a < 7. Tinh: sin2a. , cos2a. , sinda., cos4a

Bai 17: Tinh gia tri lugng giac cia goc Z—g
Bai 18: Cho a, b 1a gbc nhon véi cosa =i—§,tanb :% . Tinh sin(a — b), tan(a — b).

Bai 19: Cho sina=%,sinb = %V(’yi 0<a <%, %< b < 7. Tinh sin(a + b).

Bai 20: Rut gon cac biéu thirc sau:

cosa+cos3a+cosSa sin 2x —2sin 4x + sin 6x
A=— : —; B=
sina +sin3a+sinSa cos2x —2cos4x + cos 6x
1+ cosx +cos2x +cos3x X T—X T+ X
C= > ; D=4cos—.cos .COS
2cos"x+cosx—1 3 3 3

Bai 21: Ching minh rang:
a/sin(a+b).sin(a—b)=sin’a—sin’ b =cos’b—cos’a

tana+tanb sin(a+b)

tana—tanb sin(a—b)

¢/N’u sin(2a+b)=3sinb thi tan(a+b)=2tana

b/

Bai 22: Cho sin2a=—%, g <a< %n Tinh cac ham sb luong giac cua a.
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Bai 02: HAM SO LUQNG GIAC (4 LT)

1. Ham s0 v = sinx

» Tap xéac dinh: R

* Tap gia tri [-1;1]

*La ham s0 I¢

*La ham s6 tuan hoan véi chu ky T =2n
*Do thi

1 y = sinx

2. Ham s0 y = cosx

» Tap xéac dinh: R

* Tép gia tri [-1;1]

* La ham sé ch‘acm

» La ham s tuan hoan véi chuky T =2n
* Do thi

3. Ham s6 y = tanx

* Tap xéc dinh: \{gﬂm,k € }

*Tép gia tri: R

«La ham s 1&

«La ham s6 tuan hoan véi chuky T=n
Do thi

4. Ham sd y = cotx

* Tap xac dinh: \{km ke }

*Tép gia tri: R

*La ham s0 chan

*[.a ham s6 tuan hoan véichuky T=r=
*Do thi

Bién soan: T6 Toan - Khoa Khoa co’ ban

12



Giao trinh Toan 3 Truong Cao Pang Ly Tw Trong TP. H6 Chi Minh

BAI TAP

Bai 1: Tim tap x4c dinh ciia cac ham s6:
1. y=sinx + cosx 2. y:szJrCOSX_1 3.y=+/3-sinx 4.y=tan(2+§)

CcOS X
5. y:l_.Cﬂ 6.y = tanx + cotx 7. y= /m 8.y=5sinx+3cosx
sin X 1+cosx
9.y= 1 10. y= !
tan X cotx

Bai 2: Tim gi4 tri nho nhat, gia tri 16n nhat ctia cac ham sd sau:
ly=2cosx+3; 2.y=3+ ésin22x; 3.y=2cosx—2; 4 y=+/l+sinx-3

5.y=+2+cos2x; 6.y=sin’x +cos'x; 7.y =sin’k + cos’x;
8.y=1-sin"x — cos’x

9.y = sin x.cos X.cos 2x.cos 4x ; 10. y = cos’x.sin x — sin’x.cos x
Bai 3: Tinh gia tri ctia cc ham sd sau:

1. Chocos x = —%, T<x< 3771 Tinh sin x, tan X, cotx, sin(x +§).
2. Cho sin x =% , 90° <x < 180°. Tinh cosx, tan X, cotx, sin2x, cos2x.

3.Chotana=2,0<a <g. Tinh cota, cosa, sina, tan(x—%).

Bai 4: Tinh gia tri ctia cac biéu thirc sau:
1. Cho tanx = 5.Tinh:
A= s%nx—cosx : B = 3c.osx—18smx.
2sin X +6cos x sin X —2cos X
2. Cho cota=-2. Tinh:

C= 4cosa—3sina

_ l-sinacosa+sin’a

. ’ D ) 2
4sina+cosa 2sin“a—5cos”a
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Bai 03: PHUONG TRINH LUQNG GIAC CO BAN (5LT)

1. Phwong trinh luwgng giac co ban

Dang phuong trinh:
=a+k2
l.sinx =sina < x=a i ,keR
Xx=m—a+k2n
2.cosx=cosa <x=xtat+k2n,keR
3.tanx=tana << x=atkn,keR (Diéukién:x¢g+kn)
4.cotx=cota <>x—a+kn, keR (Diéukién:x¢g+kn)
Truong hop dac biét:
sinx=0 < x=kn
sink =1 < x= g +k2n
. T
sinx =—1 < x= ) +k2n
T
cosx =0 < x= 5 +kn
cosx=1 < x=k2n
cosx=-1< x=n+k2r
tanx= 0 < x=kn
2. Bai tap ap dung
1. Giai phuong trinh: sinx = ?
Giai
. . .
s1nx:—<:>smx:sm§
x=2 4 Kk2m x =24 K2n
& & 3 ke

X:n—E+k2n X=E+k2ﬂ$
3 3

2. Giai phuong trinh: cosx = 73
Giai

T
COSX = —— <> COSX = COS —
2 6

<:>x:i2+k2n,ke
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3. Giai phuong trinh: tanx =+/3
Giai

T
tanx:\/§<:>tanx:tan§

&S Xx= g +km,k e
4. Giai phuong trinh: cotx =+/3
Giai

T
cotx=\/§<:>cotx:cotg

<:>x:2+kn,ke

BAI TAP

Bai 1: Giai cac phuong trinh sau:
1) 2sinx—1=0

2) sin2x — &) =sin(x + *
) sin(2x 4) sin(x 6)

Bai 2: Giai cac phuong trinh sau:
1)2 cosx— 2 =0
2) cos(6x + g) = cos(2x — g)

3) cos(x + g)+ =0

1
2
Bai 3: Giai cac phuong trinh sau:
1) tanx +J3=0
2) 4cos’3x— 1 =0
3) \/3 cotx +1=0

4) tan2x.cot3x= 1
5) sinx +sin3x +sin5x = 0.
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Bai 04: MOT SO PHUONG TRINH LUQNG GIAC THUONG GAP (5LT)

1. Phwong trinh béc hai ddi véi mdt ham sb lwong gisc

Dang phuong trinh:
a.sin’x + b.sinx + ¢ = 0 (a,b,c e Rvaa=0)
a.cos’x + b.cosx + ¢ =0 (a,b,ce R vaa=0)
a.tan’x + b.tanx + ¢ = 0 (a,b,ce R vaa#0)
a.cot’x + b.cotx + ¢ =0 (a,b,ce R vaa#0)

bat t=sinx hay t = cosx, voi diéu kién: — 1 <t< 1
Dt t=tanx, voi didu kién: x = gﬂm

Dit t=cotx, v6i diéu kién: x # k.
Sau d6 dua cac phuong trinh da cho tr¢ thanh phuong trinh béc hai theo t.

Vidu 1: Giai cac phuong trinh sau:

1) 2cos’*x—5cosx—-3=0 2)V3tan® x—2tanx—~/3 =0
Giai
1) Dat: t=cosx, te[-1,1]
1
2t —5t-3=0| " 2™
t=3 ()

Véi t:—%c:wosx=cos2?n<:>x:i2?n+k2n,ke

tanx:\/gztang x=z+k7r
I Rt 3 keZ
tanx:——:tan(—zj x:—%+k7r

3 6

2. Phwong trinh bac nhét theo sinx, cosx

2)\/§tan2x—2tanx—\/§=0<:>

Dang phuong trinh: asinx + bcosx = ¢

biéu ki¢n ton tai nghiém: a’+b>>c?

@ Phwong phap gidi: Chia hai vé cta phuong trinh cho: va> +b?
Phuong trinh da cho tr¢ thanh:

a b
o e

sinx + COSX =

C

a

COSOL=
<> SINX.COoSAl + COSX.SIno Zﬁ’ vOl1 sin o= b
Va® +b JaZ+b?

< sin(x + o)) = sinp (day 1a phuong trinh luong gidc co ban da biét

cach giai)
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Vi du 2: Giai phuong trinh: sin3x — /3 cos3x =— /3
Giai

o

2

Pt <:>lsin3x——300$3x =
2 2

) e LT T
< sin3x COSE—COS3X s1n§ = sm(—;]

3X—£=—E+k27[

& sin(3x — g) =sin(-2) <
3X- ==+ +k2n
3 3

3x=k2n X:@
At St = 3 , keZ
3x=—+k2% S5t k2w
3 X=—+—
9 3

3. Phuong trinh dang dwa vé phuong trinh bic hai theo mgt ham s6 hrong gigc

Dang: a sin’x + b sinxcosx + ¢ cos’x =0 (a=0)

& Phuong phap 1: Nhan xét x = g+ km khong phai la nghiém cua phuong trinh.

Chia hai vé cta phuong trinh cho cos’x # 0 ta dugc:
a.tan’x + b.tanx + ¢ =0
& Phurong phdp 2: Dung cong thirc ha bac dua phuong trinh da cho vé phuong trinh bac
nhét theo sinx, cosx.
a(1—c0s2x) +bsin2x +C(l+cos2x) ~0
2 2 2
Chi y: Néu phuong trinh c6 dang: a sin’x + b sinxcosx + ¢ cos’x + d = 0 thi ta thay
d = d (sin’x + cos’x) roi dua vé dang trén.

Vi du 3: Gii phuong trinh: 3sin” x —4sinx cosX +cos” x = 0
Giai
Nhén thay thay cosx = 0 vao phuong trinh ta suy ra dugc: sin® x = 0(v6 1),
vi sin® x+cos* x =1.
Chia hai vé cho cos® x # 0 ta duoc:

T
tanx =1 X=—+kn

3tan’ x —4tanx +1=0 < ke

IR=s
tanx =— 1
3 X :arctan§+kn
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BAI TAP
Bai 1: Gidi cac phuong trinh sau:
1) 4sin’x + 8sinx +3=0 2) 2cos’x + sinx — 1 =0
3) 2sin’x — (2 ++/3)sinx ++/3 =0 4) sin’x + (43— Dsinx —+/3 =0
5) tan’x— (/3 +1)tanx ++/3 =0 6) sinx + cosx =1
Bai 2: Giai cac phuong trinh sau:
1) cosx— sinx = g 2) cosx + /3sinx = 2
3) sinx + /3 cosx =2 4) 3sin2x — cos2x = 1
Bai 3: Giai cac phuong trinh sau:
1) sin’x — 8sinx.cosx + 7cos’x = 0 2) cos’x + 3sin’x + 2+/3 sinx.cosx = 1
3) 4sin’x + 3+/3sin2x — 2cos’x = 4 4) 6sin’x + 7+/3sin2x — 8cos’x + 6 = 0

5) 5sin’x + sin2x + 4cos’x = 0
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ON TAP CHUONG I (1LT)

Bai 1: Giai cac phuong trinh sau:

1) sin(g +2x) + /3sin(n - 2x) =1
W2

2) 2sin(x + X)) + sin(x - &)= V<
) 2sin(x 4) sin(x 4)

2
3) 2sin’x + /3sin2x =3
4) 2c0s2x = /2 (cosx — sinx)
Bai 2: Giai cac phuong trinh sau:
1) 2sin’x + 5cosx +1=0

3) 4cos’x.sinx — 4sin’x.cosx = sin’4x

5)4sin’ x—2(\3 +1)sinx +4/3 =0
7) tan’x + cot’x =2

Bai 3: Giai cac phuong trinh sau:
1) 4sin3x+ 2(+/3 +1)cos3x -+/3 =4

3) 4cos’(2 — 6x) + 16cos*(1 — 3x) = 13

5) +tan’x =9

COSX

7) =cotx +3

sin” x

9) cos2x— 3cosx =4cos’ %

5) sindx + cosdx = /2 sin5x

6) sin5x + J3 cos5x = 2sin7x

7) 2c08*x — 2 \/3 SINXCOSX = \/5 +1
8) cos7x — sin5x = /3 (cos5x — sin7x)

2) 4sin’x — 4cosx — 1 =0

4) tan® x +(1-+3)tanx =3 =0
6) 4cos’ x +3+/2 sin2x =8 cos x
8) cot’2x — 4cot2x +3 =0

2) cos2x +9cosx +5=0

4) 12 —(B+\3)tanx—3+~/3=0

COS X

6)9 — 13cosx + — =0
I+tan” x
8) +3cot’x = 5
CoS X

10) 2cos2x + tanx =%
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Chuwong II: TO HOP VA XAC SUAT
Muc tiéu )
Sau khi nghién ciru xong chuwong nay, hoc sinh co thé:

- Biét dwoc nhitng cong thire kién thirc co ban nhat vé dai s6 t6 hop va Ii thuyét xdc sudt.

- Hiéu dwoc cdc quy tdc cong, quy téic nhan, cong thirc hodn vi, 16 hop, chinh hop, khai trién
nhi thite Newton, cdc khdi niém vé bién cé va xdc sudt.

- Trinh bay duoc dinh nghia cua quy quy tic cong, quy tdc nhan, cong thirc hodn vi, té hop,
chinh hop, khai trién nhi thirc Newton, tinh xdc sudt..

-Ap dung dwoc cdc quy tac cong, nhan, hoan vi, 16 hop, chinh hop, dé gidi cdc bai toan nhu
ldp so tw nhién, xép ché, chon bi,..... Dua vao cong thirc nhi thirc Newon biét khai trién mot
nhi thirc ¢6 mii tuy y va blet tim hé sé trong khai trién. Ap dung kién thire cia t6 hop d@é tinh
xdc sudt cia mot bién co.

- Phan tich dwoc yéu cau ciia dé bai, dwa vao gid thiét di cho va nhitng cong thirc dd hoc dé
gidi nhitng bai tap kho hon.
' Bai 01: QUY TAC PEM (2LT)
1. Quy tac cong
Mot cong viéc hoan thanh béi mot trong hai hanh dong, néu hanh dong nay c6 m cdch
thuc hién, hanh dong kia c6 n cdach thuc hién khong trung voi bat ki cach nao ctia hanh
dong thur nhat thi cong viéc d6 c6 m + n cach thuc hién.
Vi du 1: Mot bai toan néu giai bang phuong phap dai sé co ba cach giai, giai bang
phuong phap hinh hoc c6 hai cach giai. Dé giai duoc bai toan d6 c6 may cach giai?
Giai
Chon mdt cach giai bai toan cé: 3 +2 = 5 (cach giai)
Vi du 2: Mot 16p hoc c6 18 sinh vién gioi todn, 20 sinh vién gioi anh van, trong dé cé
10 sinh vién gidi ca toan va anh van. Hoi co méy cach chon mdt sinh vién gidi toan hodc
anh van?
Giai
Chon sinh vién gioi toan: 18 (cach)
Chon sinh vién gioi anh van: 20 -10 = 10 (cach) (Vi c6 10 sinh vién da dugc chon)

Theo quy tic cong: 18 +10 =28 (c4ch)
2. Quy tic nhan
Mot cong viée duge hoan thanh béi hai hanh dong lién tiép. Néu co m cdch thuc hién
hanh dong thi nhat va tmg voi moi cach d6 cé n cach thiee hién hanh dong thir hai thi

co m.n cach hoan thanh cong viéc do.
Vi du 3: Pé di tir A dén C ta bat budc phai qua diém B. C6 2 dudng khac nhau dé di tir
A dén B va c6 3 duong khac nhau dé di tir B dén C.
Hoi c¢6 bao nhiéu cach di tir A dén C?
Giai
Pi tir A d@én B ¢6 2 cach chon.
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Pi tir B dén C c¢6 3 cach chon.
Theo quy tic nhan: 2.3= 6 cach khac nhau dé di tir A dén C.

S——
—> >
Vi du 4: Cho tap hop A = {0;1;2;3;4;5}. Co thé 1ap dugc bao nhiéu sb tu nhién chén co
ba chir s6 khac nhau, l4y tir cac chit s6 trong tap A?
Giai
X =abc 12 s6 ty nhién chin c6 ba chir s6 khac nhau dugc lay tir A
Truong hop 1: ¢ =0 nén c c¢o 1 cach chon
a=0nén a co 5 cach chon
b#a,c nénb co 4 cach chon
Theo qui tic nhan: 4.5 =20 s6 X (c6 chit s6 tan cing ¢ = 0)
Truong hop 2: ¢ =2 hay ¢c=4 nén ¢ ¢6 2 cach chon
a #0, c:nén a cod 4 cach chon
b #a, c: nénb cod 4 cach chon
Theo qui tic nhan: 2.4.4 =32 s6 X (c6 chir sb tan cing 1 c= 2 hay c= 4)

Vay tong hai truong hop ta duoc 52 s6 X can tim.
BAI TAP
Bai 1: Tur cac chit s 1, 2, 3, 4, 5, ¢6 thé 1ap dugc bao nhiéu s6 tu nhién g@)m:
a) Hai chirsé ;
b) Ba chit s6 khac nhau.
Bai 2: Tir cac chit s6 0, 1, 2, 3, 4, 5, ¢6 thé 1ap dugc bao nhiéu s6 tu nhién g@)m:
a) Hai chir sé;
b) Ba chit s6 khac nhau;
¢) S6 tu nhién d6 1a sb chin c6 3 chir sd khac nhau.
Bai 3: Tur cac chit s6 0, 1,2, 3, 4, 5, 6.
a) Co thé 1ap dugc bao nhiéu s6 tu nhién 1¢ g@)m 4 chit sb khac nhau;
b) C6 thé 1ap dugc bao nhiéu s6 tu nhién gém 4 chir s khac nhau va s tu nhién d6 chia
hét cho 5;
c) Co thé 1ap duoc bao nhiéu s6 tu nhién gém 3 chit s6 khac nhau va sd tu nhién d6 16n
2000.
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Bai 02: HOAN VI - CHINH HQP - TO HQP (2LT)
1. Hoan vi

% Phép toan giai thira: n!=1.23...

‘Quy woc: 0! = 1‘ ‘ ‘ o o ‘
Pinh nghia: Cho tdp A gdbm n phan tir. Moi két qua cua su sdap x€p n phan tir cua tap A
duoc goi l1a hoan vi cua n phdn tir. S6 hoan vi cta n phén tir duoc ki hiéu la: P,

Cong thuec tinh: P =A"=n!

Vi du 1: Mot ban ¢6 5 hoc sinh. Hoi c6 may cach xép chd ngdi?

Giai
Mbi cach xép chd cta 5 hoc sinh & mot ban 1a mot hoan vi cua 5 phﬁn tur.
Do d6, s6 cach sip xép la: P, = 5! = 120.
Vi du 2: Tt cac chir s6 1, 3, 4. Hoi thanh 1ap duogc bao nhiéu sb tu nhién c6 3 chir sd
khac nhau?

Giai

M&i sd tu nhién duge thanh 1ap 1a mot hoan vi cia cac chir s6 1,2, 3.

Vay s6 ty nhién duoc thanh lap 14 3! =1.2.3 = 6.

2. Chinh hop ‘ ‘
Pinh nghia: Chinh hop chép k cta n phan tr (k < n) 12 mét b (nhdém) cé thtr tu gom k

phan tir khac nhau duogc 1y tir n phan tir da cho.
S6 chinh hop chép k ciia n phan tir ki higu 1a: A

|
Céng thire tinh: |A* ="
(n—k)!

Vi du 3: Cho 4 chir s6 1, 2, 3, 4. C6 bao nhiéu cach 1ap mét s6 c6 3 chit sé khac nhau tir
céc chit so trén?

=n(n—-1)..(n-k+1)

Giai
Mbi s6 duogc thanh 1ap c6 3 chir s6 khac nhau tir 4 chir s6 trén 1a mot chinh hop chép 3
ctia 4 phan tir.
Do d6, s6 céac chit s6 dugc thanh lap 1a: A3 =24,
Vi du 4: C6 bao nhiéu cach sip xép 4 ngudi vao mot cai ban ¢ 6 chd ngdi?

Giai
Ta thay sap 4 ngudi vao ban c6 6 chd ngdi chinh 13 1dy 4 vi tri trong 6 vi tri va c6 ké tha
tu. Vay mdi cach sap xép 1a mot chinh hop chap 4 cua 6 phan tir nén sd cach sip xép
chinh 1a A} = 360 cach khac nhau.

3.Tohep ‘
Dinh nghia: T6 hop chap k cua n phan tir (k< n) 1a mdt nhém khong phéan biét thu tu,
g6m k phan tir khac nhau chon tir n phan tir da cho.

S6 t6 hop chap k cua n phan tir ki hiéu 1a C*
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Céng thirc tinh: [C* = 7 =D..n=k+1)
" (n—k)k! k!

Vi du 5: Mdi dé thi gdm c6 5 cau hoi duge ldy trong 50 cau héi cho trude. Hoi c6 thé lap
dugc bao nhiéu dé thi khac nhau?
Giai

S6 d thi c6 thé 1ap duge 1a: C3, = —0- =2118760
(50— 5)1.5!
Vi du 6: Mot tap vé x06 s6 ¢6 50 td vé sb, trong d6 ¢6 9 to vé s tring thuong. Mot ngudi
ldy ngdu nhién ra 5 to vé s6. Hoi c6 bao nhiéu kha ning trong 5 t& vé s6 do:
a) C6 5 to vé s6 déu trang thuong?
b) C6 2 to vé s6 trang thudng?
¢) Khong co to vé s6 nao trang thudng?
Giai
a) S6 kha ning trong 5 t& vé s6 ldy ra ca 5 to vé s déu trung thuong 1a C 3= 126.
b) S6 kha ning c6 2 to vé sd tring thuéng: C2C3, = 383760.

¢) Khong c6 td vé s6 ndo tring thudng: C3, = 749398,

BAI TAP
Bai 1: Tim n biét
a)A2 =12 b) A2-A! =3
¢) C'—C =2A2, d)—n— 20
4 P,

Bai 2: C6 4 nam va 4 nit, c6 bao nhiéu cach sap xép thanh mot hang:
a) Tuy y;
b) Nam, nit xen k& vdi nhau;
c¢) Nit trudc nam sau.
Bai 3: T cac chitsd 1,2, 3,4, 5, 6. Lap sb tu nhién gém 6 chit s6 khac nhau:
a) Hoi c6 bao nhiéu sb;
a) Bao nhiéu s6 chin va bao nhiéu sd 1é.
Bai 4: C6 bay bong hoa mau khac nhau va 3 cai binh khac nhau. Héi c6 bao nhiéu cach
cim ba bong hoa vao ba binh (Mdi binh chi cam mdi hoa)
Bai 5: C6 bao nhiéu cach mic ndi tiép 4 bong dén duoc chon tir 6 bong dén khac nhau?
Bai 6: Trong mit phang, cho 6 diém phan biét sao cho khong c6 3 diém thang hang:
a) Hoi 1ap dugc bao nhiéu doan thang tir cac diém d6?
b) Héi lap duoc bao nhiéu véc to ma diém dau va diém cubi tir 6 diém do?
¢) Hoi 1ap dugc bao nhiéu tam gidc ma cac dinh cta tam giac 13 tir 6 diém d6?
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Bai 03: NHI THUC NIU-TON (2LT)
1. Cong thirc nhi thirc Niu —Ton

(a+b)" =Cja"+Cja"'b+Cla" b’ +..Cib" = > Cha"*b"
k=0
(a, blacac sb thuc; n 1a sd tu nhién)

& Chi y: a) Trong khai trién nhi thirc Niu-Ton sb céc hang tir la n +1;
b) Cac hang tir 6 s6 mil ciia a giam dan tir n dén 0, s6 mil cta b ting dan tir 0
dén n, nhung tong s6 mii ctia a va b ludn ludn bang n;
c) Cac hé sb6 cua mdi cap hang tu cach déu hai hang tr dau va cudi thi béng
nhau;
d) S6 hang thtr (k+1) trong khai trién 1a: T, = C*a"*b*.

2. Tam giac Pascal: (xem thém)

3. Bai tap ap dung
Bai 1: Khai trién biéu thire (x +y)’
Giai

Theo cong thirc:

(X + y)6 =Cx* +C Xy +Cix'y’ +Cix’y’ +Cix’y* +Coxy” +Ciy®
=x°+6xX°y +15x*y’ +20x’y’ +15x°y* + 6xy° +y°
Bai 2: Tim hé s6 cua sé hang chtra x trong khai trién: (3x —2)5
Giai
86 hang tong quét cua khai trién 1: T, = C¥(3x)" " (=2) =C5(3) " (=2)" x**
Vi s6 hang can tim chita x’ nén: 5-k=3 < k=2
Vay hé s6 can tim la: C23"2(-2)" =1080.
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BAI TAP

Bai 1: Khai trién cac biéu thirc sau:

a) (X+3)4 b) (X—y)5
c) (2X+3y)5 d) (x—%}é

Bai 2: Hay tim:
a) S6 hang thir 6 trong khai trién: (3 — x)"°
15
b) Tim hé sb ctia s6 hang thtr 4 trong khai trién: (\/; + lj
X
Bai 3: Hay tim
a) S6 hang chira x’ trong khai trién: (l—x)12

2

6
\ A A . X , C 2 2
b) Tim hé sd cua s6 hang chira x° trong khai trién: (3){ - —J

6
3 A ’ . + A 4
¢) Tim s6 hang chtra x * trong khai trién: (xz — —J
X

Bai 4: Tim s6 hang khong chira x trong mdi khai trién:

)( 2 j )( 3 13) C)( 3 12)
X X X
)( 3 2) e)( lj ( 13)
X X X
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Bai 04: PHEP THU VA BIEN CO (2LT)
1. Phép thir khong gian miu
1.1. Phép thir
Nhitng hanh dong ma két qua ctia né khong thé du bao trude duoc goi 1a phép thir
ngau nhién.

1.2. Khong gian miu ’ 7
Tap hop tat ca cac két qua co thé xay ra cua mot phép thir dugc goi 1a khong gian
mau ciia phép thir d6. Ky hiéu: Q (6méga).
2. Bjén co 7 o
Céc két qua c6 thé xay ra cua phép thir dugc goi la bién co.
- Alabiéncd thi AcQ
- Tap @ (rdng) dugc goi 13 bién co khong thé.
- Tap Q goi 1a bién cé chdc chdn.
Vidu 1:
i) Tung ddng tién 1én 1a mot phép thir. Dong tién 1at mat nao d6 (sap, ngira) 1a mot bién
¢0.Tap hop cac két qua cta phép thir 1a khong gian mau Q= {S;N};
ii) Gieo mot con stic sic 1a phép thir. Két qua khi gieo 1a bién cd, khong gian mau
Q={1;2;3;4;5,6}.
3. Cac phép toan trén cac bién cb
3.1. Bién co doi
A 13 bién ¢b lién quan dén phép thir. Tap Q\ A duoc goi la bién déi ciia A, ki hidu: A .
3.2. Hop, giao caa hai bién cb ’
A va B 1a hai bién ¢0 1ién quan dén mdt phép thu.

* AUB goi la hop cua hai bién co A va B, bién c0 nay xay ra khi A xay ra hodac B
Xay ra.

AUB

* ANB goi la giao cua hai bién co A va B, bién c0 nay xdy ra khi A va B dong thoi
xdy ra. Bién c6 A nB con dugc viét A.B.

= Néu AnB=¢ thitandi A va B 14 hai bién cb xung khic.
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Vi du 2: Xét phép thir khi gieo mot dong tién hai 1an véi cac bién cb:
: “Két qua cua hai lan gieo nhu nhau”
: “C6 it nhat mot 1an xuat hién mat séip”
: “Lan thr hai xuit hién mat séip”
: “Lan dau xuat hién mat sép”
Giai

Taco: A={SS,NN}; B={SN,NS,SS};C={NS}; D={SS,SN}
Tur do:

CuUD={SS,SN,NS} =B;

AND={SS}.

T aOwp

BAI TAP

Bai 1: Gieo mdt dong tién ba lan:
a) Mo ta khong gian mau
b) Xac dinh cac bién cb
A: “Lan thr hai xut hién mat sép’ ’
B: “Mit sap xdy ra dung mot 1an”’
C: “Mit ngira say ra it nhat mot 1an”’
Bai 2: Gieo mot con stc séc hai lan:
a) Mo ta khong gian mau;
b) Xac dinh cic bién co:
A: “Lan dau xuét hién mat sdu cham”’
B: “T6ng s6 cham cua hai 1an gieo 13 tAm”’
C: “Sb chdm hai lan gieo giéng nhau’’.
Bai 3: Mot hop chura 4 cai thé duge danh s6 1,2,3.4. Léy ngau nhién hai thé:
a) Mo ta khong gian mau;
b) Xac dinh cic bién c6 sau:
A: “Tong cac s trén hai thé 1a s6 chin’’;
B: “Tich cac sb trén hai thé 1a chan’’.
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Bai 05: XAC SUAT CUA BIEN CO (2LT)
1. Dinh nghia xac suit theo o dién 7 o
Gia su phép thir ¢c6 n bién c6 dong kha nang co6 thé xdy ra, trong d6 c6 m bién c6 dong
kha ning thuan loi cho bién c¢b A. Khi d6 xac suat ctia bién cb A, ki hiéu P(A).
Cong thuc:

_n(4)
n(Q)

P(A)

@ Chu y: - n(A): s6 bién ¢ thudn loi cho A;
- n(Q): sO tat ca cac bién cd co thé xdy ra ciia phép thur.
2. Tinh chit ciia x4c suit va cong thirc tinh xdc suat
a) P(0)=0; P(Q) =1;
b) 0<P(A) <1 véi moi bién cb A;
¢) Néu A B thi P(A) < P(B);
d) Néu A, B xung khic (AB=@) thi P(AUB)=P(A)+P(B);

e) P(A)+P(A) =1.
3. Cac biél} cd doc 1ap va cong thirc nhin xic suit , o

- Néu bién cO A xay ra khong anh hudng dén viéce tinh xéc suat cua bién cd B thi ta noi
hai bién ¢ A, B doc 1ap.

- A, B doc lap khi va chi khi P(A.B) = P(A).P(B).
Vi du 1: Hai xa thu cung ban sung vao mot cdi bia, xac suét ban trung cua hai xa thu lan
luot 14 0,6; 0,8. Tinh x4c suat hai xa thu cling ban trang bia.

Giai
Goi A, B lan luot 14 hai bién ¢b cua hai xa thi ban tring bia.
RS rang A, B doc lap.
A.B 12 bién c6 hai xa tha cing ban trung bia.
P(A.B)=P(A).P(B) =0,6.0,8 = 0,48.
4. Bai tap ap dung ’ o ’ ’ ’ N
Bai 1: Gieo mdt con xuc xac can doi, dong chat. Tinh xac suat xuat hién mat chan.
Giai
Goi A,la bién ¢ xuét hién mat i chAm va A 1a bién ¢b xuit hién mit chén thi
A=A,+A, tA,

Ta théy phép thir c6 khong gian mau 12 6 bién cb déng kha nang xay ra trong do c6 3 bién
¢d thuan loi cho A.

P(A) =

N | W
N | —

Bai 2: Trong hop gdm c6 6 bi mau tring, 4 bi mau den. Tim x4c suat dé lay tir hop ra
duoc:
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a) 2 vién bi mau den,;
b) 3 vién bi mau trang.
Giai
Goi A 1a bién cb léy ttr hop ra dugc 2 vién bi mau den va B 1a bién ¢ léy tr hop ra 3
vién bi mau trang.

2
Taco: a) P(A) = —+ =5 0,133
c2 45
3
b) P(B) = == 2L~ 0167

10

Bai 3: Rat ngiu nhién tir mot bo bai ti lo kho ¢6 52 14 ra 5 1a. Tim x4c suét sao cho trong
5 1aratra co:

a) 2 1a do va 3 1a den;

b) 2 con 1o, 1 con co, 2 con chudn.

Giai
Goi A 1a bién c6 rat ra duoc 2 14 d6 va 3 1a den.
B 14 bién ¢d rat ra duoc 2 con rd, 1 con co, 2 con chudn.
S6 bién co thé xay ra khi rat 5 14 bai la: C3,
a) S6 bién c6 thuan loi cho A 1a: C2,C3,

CyCr 845000
C3, 2598960
b) S6 bién cb thuan loi cho B 1a: C2C.C?2

13713713 °

P(A) = 03251

BAI TAP
Bai 1: Véi cac chirsd 1,2, 3, 4, 5.
a) C6 thé 1ap ra bao nhiéu s6 tu nhién gém 3 chit s6 khac nhau;
b) Chon mot s6 tu nhién d6.Tinh x4c suat s6 tu nhién do 1a s6 chin.
Bai 2: Mot nhém hoc sinh gém 6 nam va 4 nit. Chon ngau nhién 4 hoc sinh.
Tinh x4c suat dé:
a) Ca 4 hoc sinh dugc chon déu 14 nam;
b) Bbn hoc sinh duoc chon 13 2 nam va 2 ni.
Bai 3: Gieo dong thoi hai con xiic xac. Tim x4c suat dé:
a) Tong s6 xuét hién trén hai con 14 7;
b) Tong s6 ndt xuét hién trén hai con 13 8;
¢) S6 ndt xuét hién trén hai con hon kém nhau 2.
Bai 4: Trong hop gom c6 6 bi den va 4 bi trang. Rut ngéu nhién tir hop ra 2 bi.
Tinh x4c suét dé duoc:
a) Hai bi den;
b) it nhat mot bi den.
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Bai 5: M6t hoc sinh di thi chi thudc 25 cau hoi trong s6 30 cau hoi. Mbi hoc sinh di thi phai
rat ra 3 cdu hoi. Tinh x4c suét:
a) Hoc sinh d6 tra 101 duoc ba cau;
b) Hoc sinh d6 tra 1o it nhat mot cau.
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ON TAP CHUONG II (1LT)
Bai 1: Tur cac chit s6 0, 1,2, 3, 4, 5.
a) Co thé 1ap dugc bao nhiéu sb tu nhién 1¢ gém 3 chit s6 khac nhau;
b) Co thé 1ap dugc bao nhiéu sb tu nhién gém 3 chit s6 khac nhau va sd tu nhién

d6 chia hét cho 5.
Bai 2: Hay tim:
a) S6 hang thir 6 trong khai trién: (3 — x)"°

15
b) Tim hé sb cta sd hang thtr 4 trong khai trién: (\/; + lj

>

Bai 3: M4t hop chua 4 cai thé duge danh $6 1,2, 3, 4. Léy ngﬁu nhién hai thé:

a) MO ta khong gian mau;

b) Xac dinh céc bién cb sau:

A: “Téng cac so trén hai thé 1 s6 chan”’

B: “Tich cac sb trén hai thé 1a chan”’.
Bai 4: Mot hoc sinh di thi chi thudc 25 cau hoi trong sé 30 cau hoi. Mdi hoc sinh di thi
phai rat ra 4 cau hoi. Tinh x4c suat:

a) Hoc sinh d6 tra 161 dugc 4 cau héi;

b) Hoc sinh d6 tra 1oi it nhat 2 ciu hoi.
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HINH HQC
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CHUONG I. PUONG THANG VA MAT PHANG TRONG KHONG GIAN.
QUAN HE SONG SONG
Muc tiéu
Sau khi nghién ciru xong chwong nay, hoc sinh cé thé:
- Biét dwgc nhitng cong thirc kién thirc co ban nhdt vé dwong thang, mdt phang trong khéng
gian va moi quan hé song song ciia chiing, phép chiéu song song.

- Hiéu dwoc cdc quy tdc hinh biéu dién trong khong gian, nhing dinh nghia,tinh chdt vé moi
quan hé song song giita duong thang — mdt phang, mdt phang — mdt phang, dwong thang —
dwong thang, phép chiéu song song.

- Trinh bay dwoc , nhing dinh nghia,tinh chdt vé moi quan hé song song gitta duong thang —
mdt phang, mdt phiang — mdt phang, dwong thang — dwong thang, hinh biéu dién ciia mét hinh
khong gian.

- Ap dung dwoc cdc dinh nghia, tinh chdt dd hoc dé gidai nhitng bai tdp chimg minh dong
thang song song véi mdt phang, mdt phang song song voi mat phdng, hai dwong thang chéo
nhau, hai dwong thiang song song. Tim dwoc hinh biéu dién ciia mét hinh khéng gian.

- Phan tich dwoc yéu cau ciia dé bai, dwa vao gid thiét di cho va nhitng cong thirc dd hoc dé
gidi nhitng bai tap kho hon.

Bai 01: PAI CUONG VE PUONG THANG VA MAT PHANG (2LT)
1. Céc khai niém mé dau
1.1. Cac khai niém
Trong khong gian cac yéu té co ban gom: Diém — Puong thang — Mt
- Ki hiéu ctua diém thuong 1a cac chit in hoa nhu: A; B; C...
- Ki hiéu duong thang 1a cac chit thudng nhu: a; b; ¢; d...
Mat phfmg: Hinh dung nhu 1a mat bang, mat ban, mat nudc yén lang cua mot bé boi,...
Mit phang khong c6 gidi han. Ki hiéu mat phang: (P); (Q); (a);(B); ...
1.2. Cac ki hiéu qui wée
- Piém A thudc duong thang d hay thudc mit phang (o), ki hiu: A ed hay A e (a).
- Piém A khong thudc duong thang d hay khong thuéc mat phang (a.),ki hiéu: A ¢ d
hay A ¢ ().
- Puong thang d chira trong mat phfmg( B).ki higu: d < (B).

- Puong thang d khéng chira trong mit phéng(B),ki hiéu: d « (B).
1.3. Hinh biéu dién ciia mot hinh 1én khong gian

Hinh Hinh bi¢u dién trong khong gian
Puong thang Puong thang
Poan thang Poan thang
Hai duong thang song song Hai duong thang song song
Hai duong thang cit nhau Hai duong thang cat nhau
Piém A thudc dudng thang a Piém A’ thudc duong thang a' (a' Ia hinh
biéu din cua a)

Bién soan: T6 Toan - Khoa Khoa co’ ban 33



Giao trinh Toan 3 Truomg Cao Piang Ly Ty Trong TP. H6 Chi Minh

Puong trong thay

Puong bj che khudt |

2. Cic tinh chit thira nhin ciia hinh hoc khéng gian
1) C6 mdt va chi mot duong théng di qua hai diém phén biét cho trudc.
2) C6 mot va chi mot miat phang di qua 3 diém khong thang hang cho trudc.
3) Ton tai bon diém khong cing nam trén mot mat phang.
4) Néu hai mat phang phan biét c6 mot diém chung thi ching c6 mot duong thang
chung duy nhat chira tit ca cac diém chung cua cua 2 mat phang do.
Duong thang nay dugc goi la giao tuyén ciia hai mdt phang do.
5) Trén moi mat phang, cac két qua da biét trong hinh hoc phang déu ding.
3. Cach xic dinh mit phiang
1) Mot mat phang duoc xac dinh neu biét n6 di qua 3 diém khong thang hang.
2) Mot mat phang duogc xac dinh néu biét nd di qua mot dudng thang va 1 diém khong
thudc dudng thang do.
3) M6t mit phang duge xac dinh néu biét nd di qua 2 dudng thing cat nhau.
Ki hi¢u: - Mat phang di qua 3 diém khong thang hang A, B, C: mat phang (ABC).
- Mat phang di qua duong thang ava diém A¢a: mit phang (a; A).
- Mit phang di qua duong thang cat nhau a va b: mat phing (a; b).
4. Kh4i niém vé hinh chép va hinh tir dién
4.1. Hinh chop
Cho da giac A A,..A, va diém S ndm ngoai mp(P) chtra da giac . Noi S véi cac dinh
A,A,,...,A,. Hinh tao boi n tam gidc: SA A,,SA,A,,...,SA A, va da giac goi 1a hinh
chop. Kihi¢u: SAA, ..., A,.
- S la dinh cua hinh choép.
- Dagiic AA,..A_ vacic diém trong no: mit ddy.

Céc canh cua da giac: canh day.

- Cac doan thang: SA,,SA,,...,SA: canh bén.

Mbi tam gidc va diém trong né: SA,A,,SA,A,,...,SA A,

la mat bén.

- Néu day cua hinh chop 14 tam giac, tt giac, ngil glac/:,
thi hinh chop tuong tmg goi 1a hinh chép tam giac, hinh
chop tr gidc, hinh chop ngti giéc,...

4.2. Hinh tir dién
Cho 4 diém A, B, C, D khong dong phang (ttrc 1a khong cling nam trén mot mat
phang). Hinh gdbm 4 tam gidc ABC, ACD, ADB, BDC goi la hinh tir dién (Tir dién).
A
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5. Bai tap ap dung
&Dang 1: Xac dinh giao tuyén cia hai mat phang (loai 1)

= Phuong Phap: Tim diém chung cta hai mat phang d6, dudng thang ndi hai diém
chung d¢ 1a giao tuyén hai mat phang can tim.

Vidu 1: Cho tr giac ABCD v6i AB khong song song CD. Goi S ¢(ABCD). Tim giao
tuyén cta hai mat phang;
a) (SAC)va (SBD);
b) (SAB) va (SCD).
Giai
a) Tim (SAC) n (SBD):
*S € (SAC) N (SBD) (1)
*GoiO= ACnBD
0O e ACc (SAQ)
O eBD c (SBD)

Tir (1) va (2) suy ra SO = (SAC) M (SBD). A

} — 0 e(SAC)N(SBD) (2)

b) Tim (SAB) n (SCD):
*S e (SAB) N (SCD) (3) D &
* Trong mp (ABCD): AB¥CD = ABNCD=1
I € AB c (SAB)
I« CD c (SCD) — T e (SAB) N (SCD) (4)

Tir 3) va (4) suyra SI= (SAB) N (SCD).

#Bai tap dé nghi ‘
Bai 1. Cho 4 diém A, B, C, D khong dong phang. Goi I, J 1an luot 1a trung diém cia AD
va BC.

a) Tim giao tuyén cta (ICB) va (KAD);

b) Goi M, N 1a 2 diém lay trén 2 doan AB va AC. Tim giao tuyén ciia 2 mat phang
(IBC) va (DMN).

Bai 2. Cho 2 hinh thang ABCD va ABEF c6 chung day 16n AB va khong dong phang.
a) Xac dinh giao tuyén ctia mit phang (ACE) va (BFD);
b) Xac dinh giao tuyén ctia mit phang (BCE) va (ADF).

Bai 3. Cho tam giac ABC va diém S nam ngoai mat phang chira tam gidc ABC. Goi M, N
lan luot 14 trung diém ciia AB, BC .Tim giao tuyén cua hai mit phang:

a) (SMN) va (ABC);
b) (SAN) va (SCM).
Bai 4. Cho 2 hinh thang ABCD va ABEF c6 chung day 16n AB va khong dong phang.
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a) Xac dinh giao tuyén ctia mat phang (ACE) va (BFD);
b) Xac dinh giao tuyén ctia mit phang (BCE) va (ADF).
& Dang 2: Xic dinh giao diém ciia dwong thang va mit phang

% Phwong phap:

v Truong hop 1: Néu trong mit phang ( o) c¢6 chira mot duong thang b
cit d tai I thi I chinh 1 giao diém cua d va (o)
v Truwong hop 2: Néu trong mit phang (o) khong chira duong thang cat d
- Chon mat phéng phu ( B) chtta d

- Tim giao tuyén A ciia ( ) va () d u ‘
- Trong mat (B) tim glao diém I=And

- 1 chinh 14 giao diém can tim cta d va . / \ / \/

Vi du 2: Cho tir dién ABCD. Goi M, N lan luot 13 trung diém ctia AC va BC.

Lay diém K e BD sao cho K khong la trung diém ciia BD. A

a) Tim giao diém cua dudng thang CD va mat phang (MNK);

b) Tim giao diém ciia dudng thing AD va mit phang (MNK).
Giai

a) Tim CD N (MNK):
* Trong mp(BCD) c6 NK X CD nén NK n CD = {I}
*NK c mp(MNK) va NK nCD = {I}
= CD N (MNK) = {I}
b) Tim AD N (MNK):
* Chon mit phang phu (ACD) chira AD.
* Xac dinh giao tuyén ctia (ACD) va (MNK):
+M e (MNK)va M e AC c (ACD) = M e (ACD) n(MNK)
+1e NKc (MNK)val e CD c (ACD) = I € (ACD) n(MNK)
= (ACD) "(MNK) = MI
* Trong mit phang (ACD) ¢c6 MI N AD = {F}
Vay: AD n (MNK) = {F}.

#Bai tap dé nghi , ‘ 7
Bai 1. Cho tir gidc ABCD, ABEF khong dac sac va khong dong phang.

a) Tim giao tuyén cua mat phang (ADF) va (BCE);

b) M 1a mot diém trong doan EF. Tim giao diém cua CE va (ABM).

Bai 2. Cho hinh chép SABCD, véi day 1a hinh vudng. M, N, P, R lan luot 13 trung diém
cua AB, BC, CD, SC. Q thudc AD sao cho % :%. Tim giao diém ctia AR va cac mit

phang: (SCD); (SQM); (SDM); (SQN); (SDN); (SQP).
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Bai 3. Cho 4 diém S, A, B,C khong cung nam trong mot mat phéng .Goi I, H 1an luot 1a
trung diém cta SA va AB. Trén doan SC ta lay diém K sao cho CK= 3KS.

a) Tim giao diém cuia duong thang BC va (HIK);

b) Goi M la trung diém cua doan IH. Tim giao diém ciia doan thang KM vé&i mit phang
(ABC).

&Dang 3: Chitng minh ba di¢ém M, N, P thing hang

& Phuong phap:
* Ching minh ba diém M, N, P cung thudc hai mit phang (a)va (B)

*SuyraM, N, P thudc giao tuyén d ctia hai mit phang (o) va (B)
Vay chung thang hang.

Vi du 3: Cho hinh chép S.ABC. Trén canh SA, SB, SC lan
luot léy cac diém M, N, P sao cho MN N AB =1,
NPNBC=J,MPn AC =K.

Chtng minh ba diém I, K, J thang hang.

Giai
Ta c6: e MN,MN c (MNP) = I € (MNP);
Ie AB,AB c (ABC) = I € (ABC).

= e (ABC)n(MNP). B
Tuong tu: I, K cling 13 diém chung cta hai mit phang (ABC) va (MNP).
Lai c6: Hai tam giac ABC va MNP khong cling nam trong mot mit phang. I
— Hai mit phang (ABC) va (MNP) 1a hai mit phang phan biét.
Vay L, K, J ndm trén giao tuyén cta hai mat phang phan biét (ABC) va (MNP) hay I, K, J
thang hang.
&Dang 4: Chirng minh ba dwong thing a, b, ¢ dong quy

= Phwong phap:
e Goi{l}=anb
e Chung minh I € ¢ (I thuong la diém chung cua 2 mit phang phéan biét

lan luot chua a, b va nhan ¢ ‘12‘1 giao tuyén )
Vay 3 duong thang a, b, ¢ dong quy tai diém L.

Vidu 4: Cho tr dién ABCD. Goi E, F, G lan luot 1a ba diém
trén ba canh AB, AC, BD sao cho EF "nBC =1, EG NAD = H.
a) Tim giao tuyén (EFG) va (BCD);

b) Chimg minh IG, HF va CD dong quy.
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Giai
a) (EFG) n(BCD)=1G
b) Goi {K} =HF nCD
K € HF c (EFG) va K e CD < (BCD)
= K € (BCD) n (EFQG)
Ma (EFG) n (BCD) =1G
= K € IG (dpcm).

D
&Dang 5: Xac dinh thiét di¢n ciia hinh chép va mit phing (o)

@ Phwong phap: Xéc dinh tit ca cac doan giao tuyén ctia (o) va cac mt hinh chép.
Trong mit phang (o) cac duong giao tuyén nay khép kin thanh mot hinh da giac, d6 1a
thiét dién can tim.

Vi du 5: Cho hinh chép S.ABCD c¢6 day ABCD 14 hinh binh hanh. Goi M, N, P lan luot
1a trung diém cia CD, BC va SA.
Xéc dinh thiét dién cua hinh chép véi mit phang (MNP).
Huwoéng din
- MNcit AD, AB tail, J.
- IPcitSDtai E
- JPcatSBtai F
Suy ra ngil gidc MNFPE 14 thiét dién.
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BAI TAP

1. Cho tr dlen ABCD. Goi E, F, G 1a 3 diém trén AB, AC, BD sao cho (EF) cat (BC) tai
I, (EG) cat (AD) tai H. Xac dinh giao tuyén ciia mat phang (EFG) v6i 2 mit phang
(BCD) va (ACD).

2. Cho 4 diém A, B, C, D khong dong phang. Goi L, J 1an luot 13 trung diém cua AD va
BC.

a) Tim giao tuyén cua hai mat phang (ICB) va (KAD);

b) Goi M, N 1a 2 diém l4y trén 2 doan AB va AC. Tim giao tuyén ciia 2 mat phang
(IBC) va (DMN).

3. Cho 2 hinh thang ABCD va ABEF c6 chung ddy 16n AB va khong dong phang.
a) Xac dinh giao tuyén ctia mat phang (ACE) va (BFD);
b) Xac dinh giao tuyén ctia mit phang (BCE) va (ADF).

4. Cho tam giac ABC va diém S nam ngoai mit phang chira tam giac ABC. Goi M, N lan
luot 1a trung di€m cia AB, BC .Tim giao tuyén ctia hai mat phang:

a) (SMN) va (ABC);
b) (SAN) va (SCM).

5. Trong mat phang (oc) cho hinh thang ABCD (AB//CD, AB > CD). Piém S nim ngoai
(cc). Tim giao tuyén cua hai mit phang:

a) (SAC)va (SBD);,
b) (SAD) va (SBC);
¢) Piém M thudc SB .Tim giao tuyén cia (ADM) va (SAC).
6. Cho tir gisc ABCD, ABEF khong dic sic va khong dong phang.
a) Tim giao tuyén ctia (ADF) va (BCE);
b) M la mot diém trong doan EF. Tim giao diém ctua (ABM) va (CE).
7. Cho hinh chép SABCD. Véi day 1a hinh vudéng. M, N, P, R 1a trung diém cta AB,
BC, CD, SC. Q thudc AD sao cho: g—z = % Tim giao diém cta AR va cac mit phang:

(SCD); (SQM); (SDM); (SQN); (SDN); (SQP).

8. Cho hinh chop SABCD véi déy 1a hinh chit nhat. Trén canh SA, SB,SC lay céc diém
M3 P, R. Bén trong cac tam giac SAB, SBC, SCD lay cac diém N, Q, T. Tim giao
diém cua (ABCD) va cac duong thang sau: MN, MR; MP; MT; MQ; NQ; NT.
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9. Cho hinh chép SABCD v6i ABCD 14 hinh binh hanh. M, N, P, K 1a cac diém trén SA,

SB, SD, AB sao cho: M—A:E:P—S:&:l. I thuéc AC, J 1a diém & bén trong
MS NS PD KB 2

tam giac ABD. Dung giao diém cta SC va cac mit phing (ANP); (KNP); (MNP);
AKP); (INP); (JNP).

10. Cho 4 diém S, A, B, C khong cung na‘“}m trong mat phang. Goi I, H lan luot 13 trung
diém cua SA va AB. Trén doan SC ta lay diém K sao cho CK= 3KS.

a) Tim giao diém cta dudng thang BC va (HIK);
b) Goi M I trung diémcua doan IH. Tim giao diém cua dudng thang KM véi (ABC)

11. Cho t&r dién ABCD. Goi I, J 1a 2 diém cta AB, CD. Trén AD léy M sao cho AM = %
AD. Tim thiét dién do mit phang (IJM) cit tir dién.

12. Cho hinh chop SABCD c6 day la hinh binh hanh. G la trong tdm cua ASAC, I 1a trung
diém cua CD, J 1a trung di€m cua SD.

a) Tim giao diém cua (GI) va (SAD);
b) Tim thiét dién do mat phang (CGI) cét hinh chop.

13. Cho hinh thang ABCD trong mit phang (a) va diém S & ngoai (o) (AB // CD, AB >
CD).

a) Tim giao tuyén (d) cua (SAC) va (SBD) va giao tuyén (d”) cta (SAD) va (SBC);

b) Tim céc giao di€m cua mat phang (d, d’) véi AB, CD va ndi 1o vi tri cua chung
trén cac doan ay.

14.Cho 4 diém A, B, C, D khong dong phang.

a) E, Fla2 diém lan luot nam trong cac doan BC, AD. Tim giao tuyén clia mit
phang (BCF) va (ADE).

b) Ba diém M, N, P lér} luot ndgm trong cac doan AB, AC, CD véi MA = 2MB, NC =
2NA. Tim giao tuyén cia mat phang (BCF) va (MNP).
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Bai 02: HAI PUONG THANG CHEO NHAU VA HAI PUONG THANG SONG
SONG (4LT)

1. Vi tri twong doi ciia hai dwong thing trong khong gian

@ Truong hop 1: Hai duong thang dong phang

« Cit nhau
* Song song
* Trung nhau .
><’ 7 b / /
a
I X a b
{I}=anb allb a=b

Hai dwong thang song song 13 hai dudng thang ciing nam trong mat phang va khong c6
diém chung.
@ Trudong hop 2: Hai dudng thang khong thé ciing nam trong mot mit phang (Hai

duong thang khong déng phang) goi 13 hai dwong thang chéo nhau.

2. Tinh chit a
2.1.Pinhlil

Hai dwong thing phdn biét ciing song song voi mot dwong thang thi chiing song song véi

nhau.

allc
{b//cza//b

2.2. Pinhli 2
Trong khéng gian qua mét diém khong cing nam trén dwong thang cho truée, cé mét va

chi mét dwong thang song song véi dwong thang da cho.
2.3. Pinh i 3

Néu ba mdt phang déi mét cdt nhau theo ba giao tuyén phdn biét thi ba giao tuyén dy

hodc dong qui hodc song song.
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2.4. H¢ qua
Néu hai mdt phang phan biét lan lwot chira hai duong thang song song thi giao tuyén cia
chiing (néu c6) ciing song song véi hai dwong thang do.

allb
aca,bcf=Allallb
a [=A

3. Bai tap ap dung
&Dang: Tim giao tuyén ctia hai mat phang lan lugt chira hai duwdmg thang song song
(loai 2)

@ Phwong phap: Cho 2 mit phiang (P) = (Q): ac(P),bc(Q),a b.Néu (P) va (Q) cat
nhau thi ta xac dinh giao tuyén nhu sau:

- Tim mot diém chung cua (P) va (Q).

- Giao tuyén cta (P) va (Q) 1a duong thang qua diém chung d6 va song song véia va b

Vi du 1: Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Xac dinh giao tuyén
cua cac mat phang (SAB) va (SCD), (SBC) va (SAD).

Giai
e Xac dinh giao tuyén cta hai mit phang (SAB) va (SCD):
Ta co: S 1a diém chung cta hai mit phang (SAB) va (SCD).

AB  (SAB);CD c (SCD); AB CD S :
— giao tuyén cua (SAB) va (SCD) 1a dudng thang a qua S \\\ h
song song vdi AB va CD. \\\
e Tuong tu xac dinh giao tuyén cua hai mat phéng D \\\
(SBO)va(SAD). N OC | g

BAI TAP
1. Cho diéqu nam ngoai mat phang cta hinh binh hanh ABCD. Goi I 1a diém bat ki trén
OA. Mat phang (BIC) cat OD tai M.
a) Chirng minh IM song song v&i AD va BC;
b) IB va MC cit nhau tai N. Ching minh ON song song véi AB va CD.
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2. Cho 2 hinh binh hanh ABCD va ABEF khong dong phang.
a) Chiung minh CE // DF;

b) Goi M, N Ia diém In Iuot trén AC va AD sao cho i—lg _ %. Goi H. K 14 2 diém

lan Tuot trén BF va AF sao cho % _ %. Chémg minh MN // HK.

3. Cho hinh binh hanh ABCD va diém S & ngoai (ABCD).
a) Xac dinh giao tuyén (A) = (SAB) N (SCD);

b) Goi M va N lan luot Ia trung diém cua SA va SB. H 1a mét diém trén doan SD.
HM va HN cat mat phang (ABCD) tai E va F. Chung minh EF // CD.

¢) Xac dinh hinh tinh cta thiét dién tao bai hinh chop S.ABCD va (HMN)
4. Cho hinh binh hanh ABCD. Ta c¢6 S 12 mét diém ¢ ngoai (ABCD).
a) Xac dinh giao tuyén cta 2 mit phang (SAD) va (SBC);
b) Goi M 13 mét diém trén SC. Tim giao tuyén cta 2 mit phang (MAB) va (SCD).

5. Cho tir dién ABCD c6 AD = BC = 10a. Goi M, N, P lan luot 13 trung diém cua AB,
BD, AC.

a) Thiét dién do (MNP) cit tir dién 14 hinh gi?
b) Cho thém NP = 8a. Tinh dién tich thiét dién ay.
6. Cho hinh chop S.ABCD c6 day la mot hinh thang (AD // BC, AD > BC). Goi G,

Trong lan luot 1a trong tam cua ASAB, ASCD. Mot diém M trén SB thoa SM < STB

a) Tim giao diém ctua (GMT) véi (SC);
b) Tim thiét dién do (GMT) cét hinh chop.
7. Cho hinh chép S. ABCD déy 14 hinh binh hanh tdm O.
a) Xac dinh giao tuyén cta (SAC) va (SBD);
b) Xac dinh giao tuyén ctia (SAD) va (SBC);
c) Pém M thudc canh SC sao cho SC = 3SM. Xac dinh hinh tinh cta thiét dién tao
boi (MAD) va hinh chép S.ABCD;

d) Xac dinh giao diém I cia AM va (SBD). Ching minh rang: I 13 trung diém cua
SO.
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Bai 03: PUONG THANG VA MAT PHANG SONG SONG (6L T)

1. Vi tri twong doi giira dwdng thang va mit phing

* Duong théng cat mat phéng tai mot diém
« Puong thang chira trong mit phang
« Puong thang song song véi mit phang

\

N7 A=

dn(a)=I dc(a) d//(a)
Puong thang d va mit phang (a) khong co diém chung. Khi d6, ta néi duong thang d

song song mit phang (o). Kihigu: d//(at).
2. Tinh chat
2.1. Pinhli 1
Néu dwong thang d khéng nam trong mdt phdng (a) va d song song voi d’ nam trong
(o) thi d song song véi (o).

dz(a)

dlla t=dl/(a)

ac(a)

2.2. Dinh Ii 2
Cho mét dwong thang d song song véi mdt phang (o). Néu mat phang (B) chita d va cat

(a)theo giao tuyén A thi A song song vdi d.
d//(a)

dc(p =d//A y

(@) (B)=A e

A .
2.3. Pinh i 3

Néu hai mdt phang phén biét cing song song véi mét dwong thang thi giao tuyén ciia

chiing (néu c6) ciing song song véi dwong thang do.

Bién soan: T6 Toan - Khoa Khoa co’ ban 44



Giao trinh Toan 3 Truomg Cao Piang Ly Ty Trong TP. H6 Chi Minh

(B)//a
(a)//a =allA
a f[=A
2.4. Dinh li 4
Cho hai dwong thang chéo nhau, c6 duy nhat mét mét phang chira dwong thang ndy va

song song véi dwong thang kia.
3. Bai tap ap dung

&Dang: Chirng minh dwdng thing song song mit phiang
& Phwong phap: D¢ chiing minh d (P) (d khong nam trong (P)), ta can chiing minh:
dJac(P):a d.
Vi du 1: Cho tir dién ABCD, véi G 1a trong tim ciia tam gidc ABD. Trén doan BC lay
diém M sao cho MC = 2MB. Chimg minh: MG // (ACD).

Giai
Goi K, N lan luot 1a trung diém cua canh AB, AD. Vi G la trong tam A

ctia tam gidc ABD nén K, G, D thang hang.

Ta co: % = % (1) (tinh chat trong tim trong tam giac ABD) K

. BM 1 . . Z
Lai co: —=— (2) (gia thiét
: 5C "3 ) (g ) B
Tu (1) va (2) suy ra: K—G:ﬂ:MG CD.
KD BC

To déo: MN CD,CD < (ACD)= MN (ACD).

C

BAI TAP

1. Cho ti dién ABCD. Goi M, N lan luot 1a trong tam cua tam gidc ABD va tam giac
ACD. Ching minh MN song song v6i (BCD) va (ABC).

2. Cho hinh thang ABCD c¢6 day 16n AD.Goi M 1a mot diém trén canh AB. S 1a mot
diém & ngoai mit phang (ABCD). Goi (P) 1a mit phang qua M song song véi BC,
(P) cit SA, SD, CD lan luot tai N, E, F. T&r gisc MNEF 12 hinh gi?

3. Cho tir dién ABCD. Mit phang (P) song song voi hai canh d6i AB va CD cat BC,
AC, AD va DB tai M, N, E, F. Tt gidc MNEF hinh gi?

4. Cho hinh chop SABCD vdéi day ABCD la hinh binh hanh
a) Tim giao tuyén cta hai mat phang (SAD) va (SBC);

b) Liy diém M tiy y trén canh SC (M = S). Mit phang (ABM) cat SD tai N. Tt
giac ABMN la hinh gi? . 7

6. Cho 2 hinh binh hanh ABCD va ABEF khong dong phang.

a) Goi O, O’ lan luot 1a tim cua ABCD va ABEF. Chimng minh rang OO' song song
voi (ADF) va (BCE);
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b) Goi M, N 1a trong tim ctia AABD va AABE. Chimg minh rang MN // (CEF).

7. Cho hinh chop SABCD c¢6 ddy 1a hinh binh hanh. Goi M, N, P lan luot 14 trung diém
cua AB, CD, SA. Ching minh rang SB va SC déu song song voi (MNP).
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Bai 04: HAI MAT PHANG SONG SONG (6LT)

1. Dinh nghia
Hai mit phang (a)va (B)duoc goi 1a song song

v6i nhau néu ching khong c6 diém chung.
Ki higu: (o)//(B)
2. Piéu kién dé hai mit phang song song

2.1. Dinh li
Néu mdt phang (P) chita hai dwong thang a, b cdt nhau va cing song song véi mdt phang
(Q) thi (P) song song voi (Q).

a,bc (P)

anb=1 =(P)//(Q)

a,b//(Q)

3. Tinh chat
3.1. Tinh chat 1

Qua mot diem nam ngoai mot mat phang, co mot va chi mot mat phang song song voi

mdt phang do.
3.2. Hé qua 1

Hai mdt phang phdn biét ciing song song voi mdt phang thir ba thi song song véi nhau.
(@)= ()
() /(P)} = (a)//(B)
(B)//(P)
3.3. H¢é qua 2
Néu hai mdt phang song song véi nhau thi dwong thang ndo nam trong mdt ndy sé song
song voi mat kia.
{(Z)C//(Ef)) =all(p)
3.4. Tinh chét 2
Néu hai mdt phang song song cing cdt mdt phang thiv ba thi hai dwong giao tuyén do

song song.

4.1. Hinh lang tru

La mot hinh da dién c6 hai mat nam trong hai mit phang song song goi 1a hai day va tat
ca cac canh khong thudc hai ddy déu song song voi nhau.

Tuy theo da gidc ddy, ta ¢6 hinh lang try tam gidc, lang tru tu giac,...
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B R
C A
D
AN T T B'
AY7 B w
C C D
4.2. Hinh hop
Hinh lang tru c6 déy 1a hinh binh hanh goi 1a Ainh hop.
D! C'

4.3. Hinh chop cut
Cho hinh chép SA|A»A;...A,. Mit phang (P) song song voi ddy cua hinh chop cit cac
canh bén A;’A;’...A;’. Hinh tao bdi méat day cua hinh chép cung thiét dién A;’A,’.. A,
va cac canh bén A |A,’; AbA;’...AAn: goi 1a hinh chop cut.

S

5. Bai tap dp dung

Dang: Chirng minh hai mit phing song song

@ Phwong phap: Pé ching minh (P) // (Q) ta can chimg minh:

Cdch I: Trong (P) (hodc (Q)) c6 hai dudng thiang cit nhau a va b sao cho a// (Q), b/ (Q)
(hoac a// (P), b// (P)).

Cdch2: Co a,bc(P)acitb;a,bc(Q):acitb vaa a,b b.

Vi du 1: Cho tam giac ABC nam trong mat phang (P). Trén ba nira duong thang Ax, By,
Cz cung nam vé mot phia ddi vi mat phang (P) 1an luot 1y cac diém A", B, C' sao cho
AA =BB =CC . Chimmg minh: (P)/(A' B C)).
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Giai
ViAx//Bz, AA =BB nén ABB A’ 14 hinh binh hanh.
= AB AB (1)
ViAx//Cy,AA =CC nén ACC A’ 13 hinh binh hanh.
= AC AC (2)
Mit khac: AB, AC thudc mit phang (ABC). A'B', A'C’ thudc mit phiang (A'B'C") (3)
T (1), (2) va (3) suy ra (A'B'C") // (P). X 'y z

c
’ B
A |

BAI TAP

1. Qho hinh binh hénp ABCD. Goi O 1a diém ¢ ngoai mat phéng (ABCD). Goi H, I, K
lan luogt 1a trung diém cua OA, OB, OC.

a) Chimg minh rang (HIK) // (ABCD);
b) Goi G la giao diém (HIK) va OD. Chtrng minh rang GK // CD va GH // AD.

2. Trong mat phing (o) cho tam giac ABC. Trén 3 ntra dudng thang Ax, By, Cz song
song v6i nhau, khong dong phang voi (o) va cting ndm mot phia véi () ta ldy céac
diém A’, B’, C* sao cho AA’ = BB’ = CC’. Chitng minh rang (ct) // (A’B’C”).

3. Trong mit phang (oc) cho hinh binh hanh ABCD. Ta dung cac nua du’O’ng thang song
song voi nhau va nam vé cuing mot phia dbi véi (o) 1an luot di qua cac diém A, B, C,
D. Mot mat phang (o) cit 4 nira duodng thang tréntai A’, B’, C’, D’.

a) Chimg minh rang (AA’, BB*) / (CC’, DD");
b) Chirng minh A’B’C’D’ 1a hinh binh hanh;
¢) Chung minh rang AA’ + CC’ =BB’ + DD'.

4. Cl}o hinh chép SABCD c6 day 1a hinh binh hanh tdm O. Goi M, N lan luot 1a trung
diem cua SA, SD.

a) Chimg minh rang (OMN) // (SBC);
b) Goi P va Q la trung diém ctia AB va ON. Chimg minh rang PQ // (SBC).
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5. Cho 2 hinh binh hanh ABCD va ABEF khong dong phang. Trén cac dudng chéo AC
va BF lan luot lay 2 diém M va N sao cho: i—l\c/l = % = % Céac duong thang song

song v&i AB ké M va N lan lugt cat AD va AF 6 P va Q.
a) Chung minh (ADF) // (BCE);
b) Chirng minh (MNPQ) // (CDFE).
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Bai 05: PHEP CHIEU SONG SONG. HINH BIEU DIEN CUA MOT
HINH KHONG GIAN (2LT)

1. Phép chié'q song song ? ’ o
Cho mat phang (P) va mét duong thang d cat (P). V6i moi diém

M trong khong gian, duong thiang qua M song song v&i d cét (P)
tai M’duoc goi 13 hinh chiéu song song cta diém M

trén mit (P) theo phuong d. Mit (P) goi 1a mdt phang chiéu,
phuong d goi 1a phuong chiéu d. \

Dinh nghia: Phep dat tuong ng mdi diém M trong khong gian vo1 hinh chiéu M’ cuia nd
trén (P) duoc goi 1a phép chiéu song song lén mdt phang (P) theo phwong d.
2. Céc tinh chat
2.1. Tinh chat 1
Hinh chiéu song song ciia mot dwong thang la mot dwong thang
2.2. Hé qua
Hinh chiéu song song cua mot tia la mot tia, cua mot doan thcfng la mot doan thcfng.
2.3. Tinh chét 2
Hinh chiéu song song ciia hai dwong thang song song la hai dwong thang song song hodc
trung nhau.
2.4. Tinh chét 3
Hinh chiéu song khéng lam thay doi ti sé d¢ dai cia hai doan thang hodc song song hodc
cung nam trén mot dwong thang.
3. Hinh biéu dién ciia mét hinh khéng gian
Ta thuong v€ cac hinh khong gian nhu hinh chop, hinh lang try, ... trén bang hay trén
trang gidy, cac hinh v& d6 goi 1a hinh biéu dién ciia mét hinh khéng gian trén mdt phdng.
3.1. Dinh nghia
Hinh biéu dién ciia mot hinh 76 trong khong gian 13 hinh chiéu song song ctia 76 1én mot
mat phang nao d6 theo mot phuong chiéu nao do.
3.2. Cac yéu cau ddi voi mot hinh biéu dién

% Hinh biéu dién phai diing: céc tinh chét cua hinh khong thay d6i qua phép chiéu

song song déu gitr nguyén trén hinh biéu dién.

% Hinh biéu dién phai no:

Tam giac 12 hinh biéu dién cta tam giac bét ki (déu, cin, vudng).

Hinh binh hanh 13 hinh biéu dién cho cac hinh nhu hinh binh hanh, hinh thoi, hinh
chir nhat, hinh vuéng bat ki.

Hinh Elip 1a dé biéu dién cho duong tron.

BAI TAP

1. Cho ABCD la mdt ttr dién déu canh a. Hai trung diém ctia CB, CD 1a I, M. Trén doan

1 . 2 a
ABvaAllayN,Pv6i AN= —avaAP= —.
3 NE)

a) Chimg minh rang giao tuyén cuia (NPD) véi (BCD) 1a mot dudng thang vudng goc
voi (CD);

b) Tim thiét dién do (MNP) cit tir dién.
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2. Cho hinh chop S.ABCD c6 day la hinh binh hanh.
a) Tim giao tuyén cta (SAD) va (SBC);

b) Goi E, F 1a hai diém lan lugt & trong cac doan SA, SC véi SF = %sc. Trung diém

ctia SB 1a K. Tim giao tuyén cua (EFK) va (SAD).

3. Cho tir dién ABCD. Goi I, J, K, L, T, S lan luot 14 trung diém ciia AB, CD, BC, AD,
AC, BD.

a) Chung minh rang IJ, KL, TS dong quy tai mot diém dic biét ddi voi 3 doan dy;

b) Néu ABCD la tr dién déu c6 canh a, tinh khoang cach tir diém dong quy ay dén
cac dinh A, B, C, D.

4. Cho hinh choép dinh S, c6 dady ABCD la mét hinh thang (AB // CD, AB = 2CD).
a) M la trung diém ctia AB. Chitng minh MC // (SAD);
b) I, J 1an luot 13 trung diém cta AD, SC. Chtng minh (1J) // (SAB).

5. Cho ABCD va ABEF la 2 hinh thang c6 chung canh day AB va khong dong phang.
Hai trong tam cua AADF va ABCE la K, L.

a) Chung minh (KL) // (ABC) va (KL) // (ABE);
b) M la trung diém cua DF. Tim giao tuyén ctia (MKL) vé6i (BCD).
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ON TAP CHUONG I (1LT)

1. Cho tir dién ABCD. Goi M 1a mot diém trong doan AC.

a) Tim thiét dién do mat phang (o) cat tir dién biét (o) qua M va song song véi 2
canh AB, CD;

b) I, J 14 céc trung diém ctia AB, CD. Tim giao diém cua IJ voi ().
2. Cho hinh chép SABCD (ABCD la tir giac 16i). Trong doan BC 13y diém M.

a) (o) 12 mit phang qua M va song song v&i (SA), (CD). Tim thiét dién do (o) cét
hinh chop;

b) N 1a mot diém trong doan CD. Tim giao tuyén ctia (SAN) véi (o).

3. Cho hinh chép S, day ABCD 1 hinh binh hanh. Céc trung diém cua SC, SD 1a M,
N.

a) Chimg minh AM, BN cit nhau tai mot diém T va ST // (ABCD);
b) (o) 1a mit phang qua trung diém E va SA, song song véi (DC) va (BM). Tim
thiét dién ctia hinh chop cat boi (o).

4. Cho 2 hinh vuéng ABCD, ABEF khong dong phang c6 canh bang 2a. Trung diém
ctia DF 1a M. Trén tia d6i cta tia MA lay diém 1. IJ 1a mot doan thang cé d6 dai
bang a va song song v&i 2 mit phang (BCD), (BEF). Tim cac giao tuyén do mit
phang (DEJ) cat mit phang (BCD) va miat phang (BEF).

5. Cho 2 duong thang chéo nhau: (a), (b). Trén d6 1an luot liy hai diém A, B. Mit
phang qua (b) va song song véi (a) 1 (o).
a) Tim giao tuyén (d) cua (o) va mit phang (AB, a);

b) Trén (a), (b), (d) lan lugt 1ay C, D, E sao cho AC = BE =21, BD =1 (1 1 d6 dai
cho san). Liy thém trén (a), (b) hai diém M, N di dong sao cho AM = 2AN.
Chung minh MN ludn song song v6i mit phang (CDE).

6. Cho hai hinh binh hanh ABCD, ABEF khong dong phang. M, N 1a 2 diém lan luot
trén AE, BD sao cho AM = %AE, BN = %BD. Piém 1 & trong BC.

a) Chung minh (EI) // (ADF);
b) Ching minh (MN) // (CDE).

7. Cho mat phfmg (P). Hai dudng thang (d) va (d’) chéo nhau caflt (P) tai A va B.
Puong thang (D) di dong va song song voi (P) cat (d) tai M, cat (d’) tai N. Tt M
va N v& 2 dudng thang (A), (A”) 1an luot song song véi (d) va (d”), cat (P) tai E va
F.

a) Chimg minh rang (AME) // (BNF);
b) Chimg minh rang AE // BF;
¢) Chung minh rang AMNF 1a hinh binh hanh.
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Truomg Cao Piang Ly Ty Trong TP. H6 Chi Minh

BANG PHAN PHOI CHUONG TRINH

Téng s6 (gio)
N : 5
© Tén cac bai trong hoc phan Ly Kiém T01,1g
TT .| Baitap 50
thuyét ’ tra

1 TOAN 3A: PAI SO VA GIAI
TiCH 11 10 1 22
Chuwong I: Ham s6 hrong giac va
phuong trinh luwgng giac
1. Cong thuc lugng giac 3 3 6
2. Ham s luong giac 2 2 4
3. Phuong trinh lugng giac co ban 3 2 5
4. Mot s6 phuong trinh lwong giac 3 2 5
thuong gap
5.0n tap chuong I va kiém tra 1 1 2

2 Chuong I1: T6 hop va xdc suét 5 8 1 14
1. Quy tic dém 1 1 2
2.Ho4n vi - Chinh hop - Té Hop 1 1 2
3.Nhi thirc Niu —Ton 1 1 2
4 Phép thir va bién cb 1 1 2
5.X4c suét ciia bién cd 1 1 2
6.0n tap chuong II va kiém tra 1 1 2
7.0n thi HK 2 2

B TOAN 3B: HINH HQC

3 Chuong : Puong thing va mit 10 13 1 24
phing trong khong gian. Quan hé
song song
1.Pai cuong vé dudng thing va mat 1 1 2
phing
2.Hai duong thang chéo nhau va 2 2 4
hai duong thing song song
3.Pudng thang va mit phing song 3 3 6
song
4. On tap va Kiém tra 1 1 2
5. Hai mit phing song song 3 3 6
6.Phép chiéu song song. Hinh biéu 1 1 2
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Téng s6 (gio)
S6 . ; 5
° Tén céc bai trong hoc phan Ly Kiém To?g
TT .| Baitap s0
thuyét tra
dién ctia mot hinh khong gian.
7.0n tap chuong 1 1
8.0n thi HK 2 2
Téng cong 26 31 3 60
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